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Abstract
We show that closed string solutions in the bulk of AdS space are related by T-duality
to solutions representing an open string ending at the boundary of AdS . By combining
the limit in which a closed string becomes small with a large boost, we find that the near-
flat space short string in the bulk maps to a periodic open string world surface ending on
a wavy line at the boundary. This open string solution was previously found by Mikhailov
and corresponds to a time-like near BPS Wilson loop differing by small fluctuations from
a straight line. A simple relation is found between the shape of the Wilson loop and
the shape of the closed string at the moment when it crosses the horizon of the Poincare
patch. As a result, the energy and spin of the closed string are encoded in properties of
the Wilson loop. This suggests that closed string amplitudes with one of the closed strings
falling into the Poincare horizon should be dual to gauge theory correlators involving local
operators and a Wilson loop of the T-dual (“momentum”) theory.
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1 Introduction
There are many known relations between closed and open strings. For example, in flat space
a world sheet representing a propagation of a closed string may be viewed, after τ ↔ σ inter-
change, as describing also propagation of an open string in periodic time; an open string disc
diagram for open strings may be viewed as a closed string emission by a D-brane into vacuum;
KLT relations express closed string scattering amplitudes in terms of open string scattering
amplitudes, etc.
In the gauge-string duality context, one recent example is the relation between the coefficient
of the leading logarithmic term in the large spin (long string) asymptotics of the closed folded
spinning string energy [1] and the cusp anomalous dimension of the Wilson loop defined by a
light-like cusp [2, 3, 4]. There is also a (KLT-like) relation between a correlator of closed string
vertex operators at null separations and a square of a Wilson loop defined by the corresponding
null polygon [5].
These are cases of far-from-BPS configurations, but there are other examples that hint to-
wards a possible closed-open string relation also for “short” strings or “small” deviations from
the BPS limit. According to [6], for a straight line Wilson loop with a small cusp of angle pi−φ,
2
φ 1 in AdS5 one finds1
〈Wcusp〉 = exp
[
− Γcusp(φ, λ) ln Λ + ...
]
, (1.1)
Γcusp(φ, λ)φ→0 = −B(λ)φ2 + ... , (1.2)
B(λ) =
√
λ
4pi2
I2(
√
λ)
I1(
√
λ)
=
1
4pi2
(√
λ− 3
2
+
3
8
√
λ
+ ...
)
. (1.3)
In (1.3) we gave the expansion of the coefficient B(λ) at strong coupling or for large string
tension, i.e. λ  1.2 The same expression is found for a cusp of angle pi − θ in S5 (with
φ2 → −θ2). It was observed in [8] that switching on an orbital momentum J in S5, the
expression for the leading λ 1 term in the corresponding Γcusp(θ, λ; J) appears to be related
to the small-spin limit of the energy of a folded spinning string in S3.
Moreover, there is a striking similarity [6] between the small angle coefficient B in (1.2) and
the slope function [9] found in the small spin limit of the AdS5 folded string energy. According
to [9, 10, 11], the dimension of the sl(2) sector gauge-theory operator with spin S and twist J
or the energy of the corresponding dual spinning string state has the following expansion in the
formal S  1 limit3
E2 = J2 + h(λ, J) S +O(S2) , (1.4)
h = 2J + h¯(λ, J) , h¯(
√
λ, J) = 2
√
λ
IJ+1(
√
λ)
IJ(
√
λ)
. (1.5)
If one formally sets here J = 1 then the slope function in (1.5) becomes directly related to B
in eq.(1.3), i.e.4
h(λ, 1) = 2 + 8pi2B(λ) = 2
√
λ− 1 +O( 1√
λ
) . (1.6)
A motivation behind the present work is to try to find a possible relation between small (nearly
point-like) closed strings in AdS5 and long open strings ending at the boundary (and thus
corresponding to nearly-straight Wilson lines).
Let us recall that the coefficient B(λ) in (1.2),(1.3) has also other interpretations. As was
argued in [6], for a euclidean Wilson loop defined by a curve which is a small transverse
1Here we quote the coefficient function in the planar approximation only (λ is the ’t Hooft coupling). Λ is a
UV cutoff and In is a modified Bessel function.
2The coefficient B is also proportional to the correlator of the circular Wilson loop [7] with the integrated
dilaton operator, i.e. B =
√
λ
4pi2
d
d
√
λ
log〈Wcircle〉.
3This result follows directly from the asymptotic Bethe ansatz expression for the string spectrum. It is
not sensitive to the dressing phase, which should have to do with its “near-BPS” nature avoiding non-trivial
order-of-limits or renormalization issues, see [12]. Note that the computability of the coefficient B in (1.2) is, in
turn, due to supersymmetry allowing one to use localization techniques to compute certain correlators of BPS
Wilson loop with particular local operators.
4Heuristically, the J = 1 choice may be thought of as required to represent an open string “half” of a closed
string state dual to sl(2) sector operator with the minimal possible value of J = 2.
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deviation from a straight line [14, 15] one has
〈Wwavy〉 = 1 + 12B(λ)
∫
dσdσ′
[∂σ~x⊥(σ)− ∂σ~x⊥(σ′)]2
(σ − σ′)2 + ... , (1.7)
where it is assumed that |∂σ~x⊥|  1. Furthermore, the same B(λ) appears also in the expression
for the energy emitted [16] by a slowly moving “quark” [6] (see also [13])
E = 2piB(λ)
∫
dτ v˙2 + ... , ~v = ~˙x(τ)  1 , (1.8)
where ~x(τ) is a spatial deviation of the quark’s trajectory from a straight line. As was shown in
[16], the Minkowski open-string world surface ending on the quark’s trajectory at the boundary
of the Poincare patch leads to the following expression for the classical (
√
λ 1) string energy
E0 =
√
λ
2pi
∫
dτ
v˙2 − [~v × ~˙v]2
(1− v2)3 ≈
√
λ
2pi
∫
dτ v˙2 + ... , (1.9)
which is a relativistic generalization of the integral in (1.8).
The derivation of the classical energy formula (1.9) is straightforward in the limit of small
deviations from a straight line [16]. Using the Poincare patch coordinates ds2 = 1
z2
(dz2−dx20 +
dx2i ) and choosing the static gauge
x0 = τ, z = σ , (1.10)
the string (Nambu) action for small fluctuations in xi-directions is
S =
√
λ
2pi
∫
dτdσ
σ2
[
1 +
1
2
(x˙2i − x′2i ) +O(∂x3)
]
. (1.11)
The corresponding equation of motion x¨i − x′′i + 2σ−1x′i = 0 has solution xi(τ, σ) which is
uniquely determined by the two boundary data functions5 – x+(τ) and x−(τ), or, equivalently,
the shape of the boundary curve xi(τ) ≡ xi(τ, 0) = x+(τ)+x−(τ) and its 3-rd normal derivative
[16]. Explicitly, one finds6
xi(τ, σ) = xi(τ, σ)− σ∂σxi(τ, σ)
= x+i (τ + σ) + x
−
i (τ − σ)− σ
[
x˙+i (τ + σ)− x˙−i (τ − σ)
]
+O(x2) , (1.12)
xi(τ, 0) ≡ xi(τ) = x+i (τ) + x−i (τ) , ∂3σxi(τ, 0) = −2∂3τ [x+i (τ)− x−i (τ)] , (1.13)
where xi(τ, σ) = x
+
i (τ + σ) + x
−
i (τ − σ) is generic flat-space solution (harmonic function). The
string energy associated with translations in the x0 = τ direction
E0 =
√
λ
2pi
∫ ∞
0
dσ
σ2
[
1 +
1
2
(x˙2i + x
′2
i ) +O(∂x
3)
]
, (1.14)
5This is a Minkowski, not a Euclidean Wilson line stationary surface; it is the latter which is (at least locally)
uniquely determined by the boundary curve.
6 Note that the near-boundary (small σ) expansion is xi(τ, σ) = xi(τ) − 12σ2x¨i(τ) + O(σ3) making it clear
that the third σ-derivative is an independent boundary data.
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then leads, after renaming the integration variable σ → τ , to the same expression as in (1.9),
i.e.
√
λ
2pi
∫
dτ x¨2i .
7
In this paper we will show that T-duality along the boundary directions of AdS5 relates the
world sheets of small closed strings in the bulk of AdS to the open string surfaces ending on
wavy lines representing small-velocity “quark” trajectories at the boundary. Our starting point
will be the observation that T-duality along the boundary directions in the Poincare patch of
AdS space maps a massless geodesic in the bulk of AdS into a straight line Wilson loop surface.
As was first observed in [17], the formal T-duality along all xµ = (x0, xi) boundary directions
maps AdS into AdS space provided it is combined with a simple coordinate transformation –
the inversion of the radial direction, z → 1/z (which effectively interchanges the boundary and
the horizon).
This T-duality was used (in Euclidean world sheet case) in [18] to relate (imaginary) world
sheet solution that dominate a semiclassical path integral for open-string (gluon) scattering
amplitudes to (real) solutions describing the corresponding null polygon Wilson loops in the
dual momentum space. Here we will be considering the case of the Minkowski signature in both
the target space and the world sheet, so that the T-duality transformations will be mapping
real solutions into real solutions.
We shall start in section 2 with a review of the basic definitions and properties of T-duality
transformation in AdS and discuss some simple examples.
In section 3 we shall describe in detail the map between small closed strings and long open
strings ending on a nearly straight line at the boundary of AdS and thus corresponding to the
wavy line Wilson loops.
In section 4 we shall consider an example of application of the T-duality to a closed string
of finite size – folded string with an arbitrary spin. Section 5 will contain some comments on a
physical interpretation of the T-duality relation and implications for a process of a small closed
string crossing a horizon. Some concluding remarks will be made in section 6.
In Appendix A we shall give our definitions of elliptic functions used in section 4. In Appendix
B we shall discuss the application of the T-duality transformation to the small spiky string
solution. Appendix C contains a discussion of implementation of T-duality on a cylinder a
closed string insertion.
2 Definition of T-duality transformation and some ex-
amples
Let us start with describing the basic sets of coordinates in AdS5 we will be using. The
embedding coordinates are defined by
ds2
AdS5
= dXMdX
M , −XMXM = X2−1 +X20 −X21 −X22 −X23 −X24 = 1 . (2.1)
7The derivation requires regularizing near the boundary z = σ = → 0 and dropping the singular free-motion
and boundary terms, see section 3.3 below for more details.
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It is convenient to introduce also the light-like coordinates
X± = X−1 ±X4 , X+X− −XµXµ = 1 , Xµ = (X0, Xi) . (2.2)
The global coordinates (t, ρ, nˆr) are related to XM by
X0 + iX−1 = cosh ρ eit, Xr = sinh ρ nˆr, r = 1, . . . , 4 , (2.3)
ds2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ2[3] , (2.4)
where nˆr is a 4-component unit vector parametrising an S
3. The Poincare coordinates are
defined by8
Z =
1
X−
, X− = X−1 −X4 = cosh ρ sin t− sinh ρ nˆ4 , (2.5)
X0 ≡ T = X0
X−
=
cosh ρ cos t
X−
, (2.6)
Xi = Xi
X−
=
sinh ρ nˆi
X−
, i = 1, 2, 3 , (2.7)
ds2 =
1
Z2
(dZ2 + dXµdX µ) , Xµ = (T ,Xi), µ = 0, 1, 2, 3. (2.8)
We shall use the conformal gauge in which the classical bosonic string action S =
√
λ
2pi
S¯, equations
of motion and the conformal-gauge constraints written in the embedding coordinates are
S¯ =
1
2
∫
dσdτ (∂aX+∂
aX− − ∂aXµ∂aXµ) + 1
2
∫
dσdτΛ (X+X− −XµXµ − 1) , (2.9)
∂a∂
aX± = ΛX± , ∂a∂aXµ = ΛXµ ,
Λ = ∂aX+∂
aX− − ∂aXµ∂aXµ , X+X− −XµXµ = 1 , (2.10)
∂σX+∂σX− + ∂τX+∂τX− − ∂σXµ∂σXµ − ∂τXµ∂τXµ = 0 ,
∂σX+∂τX− + ∂τX+∂σX− − 2∂σXµ∂τXµ = 0 . (2.11)
In what follows we shall map one class of solutions of these equations (small closed strings)
into another class of their solutions (open-string Wilson-loop type solutions) using the formal
T-duality (2-d scalar-scalar duality) transformation that maps AdS into AdS if combined with
the Z → 1/Z coordinate transformation [17]. For brevity, we shall often refer to this combined
transformation simply as T-duality.
Using the Minkowski signature in both the target space and the world sheet the T-duality
transformation rule is then (Z,Xµ)→ (Z˜, X˜µ) where ∂aX˜µ = abZ−2∂bXµ (with τσ = −1), i.e.
∂τ X˜µ = − 1
Z2
∂σXµ , ∂σX˜µ = − 1
Z2
∂τXµ , Z˜ = 1
Z
= X− . (2.12)
8In contrast to Introduction, in what follows we shall use capital Z and X µ to denote the Poincare patch
coordinates. Let us recall that the Poincare coordinates only cover part of the Minkowski AdS5 space, i.e. there
is a choice of the patch they cover. The one used here is appropriate for the solution and limiting procedure
described below but other simply related options are possible too.
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Thus (Z˜, X˜µ) satisfy the same set of equations (2.10),(2.11) corresponding to the dual AdS5
metric ds2 = 1
Z˜2
(dZ˜2 + dX˜µdX˜ µ). Note that this T-duality is done along non-compact target
space directions that leads to subtleties when, as here, the world sheet theory is defined on a
cylinder (see Appendix C).
The T-duality relations in (2.12) may be written also as
∂aX˜µ = −ab jb,−µ , (2.13)
ja,MN ≡ XM∂aXN −XN∂aXM , ∂aja,MN = 0 , (2.14)
where ja,MN is the SO(4, 2) Noether current associated to the AdS5 space symmetry which is
conserved on the equations of motion (2.10) with the corresponding charge being 9
JMN =
∫
dσ jτ,MN . (2.15)
Thus the particular SO(4, 2) angular momentum components J−µ get the interpretation of the
“winding numbers” in the dual X˜µ directions,
∫
dσ ∂σX˜µ = J−µ.
Let us give some simple examples of T-duality applied to string solutions in AdS. In general,
T-duality formally relates a classical string solution to another solution and thus maps the
corresponding sets of conserved charges. For example, the world line of a point-like string or
massless geodesic in AdS is T-dual to a straight-line Wilson loop surface (in Minkowski world-
sheet signature). In more detail, the T-duality counterparts for the three simple solutions in
AdS2 ⊂ AdS5 are (after T-duality it is convenient to interchange σ and τ):
• massless geodesic in AdS2 (t = t(τ), ρ = ρ(τ), sinh ρ = κτ, tan t = κτ, cos t = 1√1+κ2τ2 )
Z = T = 1
κτ
, Z˜ = κσ , T˜ = κτ . (2.16)
The dual surface reaches the boundary at σ = 0 where it is a straight line along T˜ ∼ τ . The
reason we interchanges σ and τ after T-duality is precisely to have the new time coordinate T˜
proportional to τ (instead of σ).
• massive geodesic (t = κτ , ρ = 0) or a massless BMN geodesic in AdS2× S1 (with S1 angle
ϕ = κτ not involved in the T-duality transformation)
Z =
1
sinκτ
, T = cotκτ , Z˜ = sinκσ , T˜ = κτ . (2.17)
The dual surface ends at the boundary at σ = 0 where it is a straight line along T˜ and
then again at κσ = pi
2
. Notice that the dual surface has two boundaries corresponding to the
intersection of the initial surface with the past and future Poincare Horizons.
• wrapped string (t = κτ , ϕ = κσ where ϕ is an angle of a maximal circle of S5) 10
Z =
1
sinκτ
, T = cotκτ , Z˜ = sinκσ , T˜ = κτ, ϕ = κτ . (2.18)
9Note that while in general T-duality interchanges Noether charges with hidden conserved charges, the AdS
case is special in that the symmetries and thus the Noether charges of the original and the dual backgrounds
are isomorphic (see [19, 20, 21]).
10The wrapped string solutions was considered, e.g., in [34] (case w = 0 in section 2.1 of that paper).
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Here we again interchanged τ and σ after T-duality.
• infinite straight static string in AdS2 (t = κτ, ρ = ρ(σ), tanh ρ2 = tan κσ2 , cosh ρ = 1cosκσ )11
Z =
cosκσ
sinκτ
, T = cotκτ , Z˜ = sinκσ
cosκτ
, T˜ = tanκτ . (2.19)
Here the original solution reaches the boundary (ρ = ∞) at κτ = pi
2
where it ends on a line
along T . The dual solution ends at the boundary for κσ = pi
2
n on a line along T˜ .
It is clear from these examples that to interpret the T-dual world surface as that of an open
string stretched inside AdS and ending at the boundary at a point (“quark”) one needs to do
two steps:
(i) Formally “decompactify” the σ direction. Starting with a periodic solution for a small
closed string (defined on a 2d cylinder) and applying the T-duality (in a particular gauge, see
below) we will get a σ-periodic open-string world sheet, apart from the T˜ direction which gets
a term linear in σ. As discussed in Appendix C, the world-sheet theory will still be periodic
since T˜ enters only through its derivatives (assuming there are no vertex operator insertions
depending on T˜ ).
(ii) Interchange the τ and σ coordinates (a familiar operation in the usual flat-space closed–
open string duality relation).12
Let us briefly mention another example – the large spin limit of folded spinning string in
AdS3 (ds
2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dθ2) which is an infinite rotating string stretching
all the way to the boundary [22]: t = θ = κτ, ρ = κσ, κ → ∞.13 This solution is known to
be related [3], via a Euclidean world-sheet continuation and an SO(2, 4) transformation, to the
null cusp Wilson loop solution [2]. The T-duality provides a different relation to an open-string
world sheet ending at the boundary. Indeed, absorbing κ into σ and τ and thus making their
range infinite we get (X ≡ X1)
Z = (coshσ sin τ − sinhσ cos τ)−1, T = Z coshσ cos τ, X = Z sinhσ sin τ , (2.20)
Z˜ = coshσ sin τ − sinhσ cos τ , T˜ = 1
2
(− τ + σ − sin τ cos τ + sinhσ coshσ) ,
X˜ = 1
2
(− τ − σ + sin τ cos τ + sinhσ coshσ) ,
T˜ + X˜ = −τ + sinhσ coshσ , T˜ − X˜ = σ − sin τ cos τ . (2.21)
The T-dual surface ends at the boundary Z˜ = 0 when tan τ = tanhσ where
T˜ + X˜ = −arctan(tanhσ) + 1
2
sinh 2σ , T˜ − X˜ = σ − 1
2
tanh 2σ . (2.22)
To have an open-string interpretation we are again to replace σ ↔ τ . The boundary trajectory
is a bended curve passing through zero in (T˜ , X˜ ) plane (at large τ one has T˜ + X˜ ∼ e2(T˜ −X˜ )).
11This solution may be viewed as a special zero-spin limit [22] of a folded spinning string in AdS3.
12Similar transformation relating oscillating and rigid spinning classes of string solutions in AdS5 × S5 was
discussed in a different context in [23].
13T-duality applied to finite-spin folded string will be discussed in detail in section 4.
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Our aim below will be to apply the above T-duality transformation to small (“short”) strings
in the bulk of AdS5. To study short strings that effectively probe the near-flat limit of AdS5 it
is useful to consider a neighbourhood of linear size → 0 around the point X0 = 1, XM 6=0 = 0,
namely
X0 ∼ 1 + 2 , XM 6=0 ∼  . (2.23)
An example one may have in mind is a small string of size  oscillating near ρ = 0. In this case
the components of the Noether current ja,MN in (2.14) scale as
ja,0M ∼ ∂aXM ∼ , ja,MN ∼ 2, for M,N 6= 0 . (2.24)
In particular, ja,−0 ∼  whereas ja,−i ∼ 2.
In addition to this scaling limit, an important ingredient of our discussion will be a particular
SO(4, 2) transformation – a large boost in the (X+, X−) hyperbolic plane of the embedding 4-
space in (2.1)
X− → 1

X−, X+ → X+ , → 0 . (2.25)
This boost makes a small string near ρ = 0 move fast towards the boundary, following approx-
imately a massless geodesic. This exposes the near-BPS nature of a nearly point-like small
string state.
Assuming that the  parameters in (2.23) and in (2.25) are the same, the resulting scaling of
the components of ja,MN after the boost is
ja,−0 ∼ 1, ja,−i, ja,0i ∼ , ja,+−, ja,ij, ja,+0 ∼ 2, ja,+i ∼ 3 . (2.26)
The components entering the T-duality relation in (2.13) are then
ja,−0 ' ∂aX− ∼ 1, ja,−i = X−∂aXi −Xi∂aX− ∼  , (2.27)
implying that for JMN in (3.23) one has J−0 ∼ 1 and J−i ∼ . This means, in the T-dual
interpretation, that the dual string is extended along X˜0 = T˜ with fluctuations of order  in the
directions X˜i=1,2,3. Since X− ∼ 1 the dual string world sheet extends also along Z˜ = 1/Z = X−.
It is useful to record the scaling of the conserved charges representing the energy and the
spin of a short string we started with (we omit the factor of string tension, i.e. E =
√
λ
2pi
E¯,
etc.)14
E¯ ≡ J−0 + J+0 =
∫
dσ ∂τX− +O(2) , (2.28)
S¯ij ≡ Jij = O(2) . (2.29)
To summarise, (i) expanding around the point X0 = 1, XM 6=0 = 0 in AdS5 and (ii) performing
a large boost in the X± plane with the same parameter  as the expansion scale produces a
string configuration which has the T-dual interpretation as a world sheet extended along T˜ , Z˜
with small fluctuations in the spatial X˜i=1,2,3 directions. We shall study this relation in detail
in the following section.
14Note also that S¯4i ≡ J−i − J+i = O() may be interpreted, from the point of view of dual conformal field
theory on R3,1, as a linear combination of the momentum generator and the generator of special conformal
transformations.
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3 T-duality relation between short closed strings and
long wavy open strings
Let us elaborate on the small string expansion discussed above. Starting with global coordinates
in (2.4) we may set
ρ = ρ¯, t = y0 , (3.1)
so that the metric becomes nearly flat
ds2 = − cosh2 ρdt2 + dρ2 + sinh2 ρdΩ2[3]
' 2 (−dy20 + dyrdyr) , yr = ρ¯nˆr , (3.2)
where nˆr is the unit vector in (2.3).
The corresponding small string equations will be the same as in flat space. Let us fix the
conformal gauge and further choose a particular conformal parametrisation (light-cone gauge)
where
y− ≡ y0 − y4 = τ . (3.3)
Then the solution for the transverse spatial directions yi is the usual flat-space one
yi(σ, τ) = yi(σ, τ) ≡ y+i (σ + τ) + y−i (σ − τ) , i = 1, 2, 3 (3.4)
with an initial value at τ = 0 given by
yi(σ, 0) = yi(σ) = y
+
i (σ) + y
−
i (σ) . (3.5)
As we shall explain below, this leading-order small-string configuration is T-dual to an open-
string solution ending at the boundary along the following trajectory (after τ ↔ σ interchange)
X0 = τ , Xi = xi(τ) =
∫ τ
dτ ′ yi(τ ′) . (3.6)
It thus represents a small deformation of the straight-line Wilson loop X0 = τ .
Let us recall how the small-string limit looks in the embedding coordinates (2.23) – as an
expansion around the point X0 = 1, X± = Xi = 0:
X0 ∼ 1 + 2, X±, Xi ∼ , → 0 . (3.7)
The equation of motion for X0 in (2.10) implies that Λ ∼ 2 and the constraint X+X−−XµXµ =
1 determines the 2 term in X0. To the lowest order in  in each of the equations in (2.10),(2.11)
we find
∂a∂
aX i = 0, ∂a∂
aX± = 0, (3.8)
∂σX+∂σX− + ∂τX+∂τX− − ∂σXi∂σXi − ∂τXi∂τXi = 0 ,
∂σX+∂τX− + ∂τX+∂σX− − 2∂σXi∂τXi = 0 . (3.9)
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These are, once again, the equations for a string in flat space. Fixing the residual conformal
reparametrization symmetry by the light-cone gauge15
X− = τ , (3.10)
the constraints become
 ∂τX+ = ∂σXi∂σXi + ∂τXi∂τXi ,  ∂σX+ = 2∂σXi∂τXi (3.11)
and are readily solved as usual. The period Σ of σ, i.e. σ ≡ σ + Σ can be found by computing
the energy from eq.(2.28).
E¯ = P¯− =
∫
dσ ∂τX− = Σ . (3.12)
Notice that the period is finite since E¯ ∼  for a string of size . After the boost (2.25) that
removes the factor of  from X− (and thus from E) we will have
Σ = E¯ =
2pi√
λ
E . (3.13)
The periodicity of X+ in σ implies
0 = 
∫
dσ ∂σX+ = 2
∫
dσ ∂σXi∂τXi = 2
2
∫
dσ
[
(∂τy
+
i )
2 − (∂τy−i )2
]
, (3.14)
Xi = yi = yi , yi(σ, τ) = y
+
i (σ + τ) + y
−
i (σ − τ) , (3.15)
where, as in (3.4), the functions y±i are the left and right moving parts of the harmonic functions
yi representing the solution for the transverse coordinates. This is the usual flat-space level
matching condition which forbids, for periodic strings, the existence of states with purely left
or right moving modes.
To summarize, the small-string limit in the embedding coordinates reads, to the leading
order, as (cf. (2.23),(3.1),(3.3),(3.7),(3.10))
X0 = 1 , Xi = ρ¯ nˆi = yi, X± = (y0 ± ρ¯ nˆ4) = (y0 ± y4) . (3.16)
Let us now write the corresponding solution in the Poincare coordinates (2.5)–(2.8), i.e.
Z =
1
X−
, Xµ = Xµ
X−
, µ = 0, · · · , 3 . (3.17)
We find
Z =
1
 (y0 − y4) , X0 ≡ T =
1
 (y0 − y4) , Xi =
yi
y0 − y4 . (3.18)
Next, let us perform the boost (2.25) by multiplying all the Poincare coordinates by  (which
is an obvious symmetry of the metric). This gives
Z = T = 1
y−
, Xi =  yi
y−
, y− ≡ y0 − y4 . (3.19)
15Let us stress that this relation refers only to the leading term in the  expansion of X−.
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Fixing also the light-cone gauge parametrization as in (3.3),(3.10) we conclude that this con-
figuration represents, to the leading order in   1, the boosted small-string solution in the
Poincare patch. Indeed, it is easy to check directly that the equations for Z and T are solved
to leading order in  while the equation for Xi, i.e. ∂τ (Z−2∂τXi) − ∂σ(Z−2∂σXi) = 0, is also
satisfied provided that yi = yi as in (3.4) where yi is harmonic function.
In what follows we shall absorb the  factor in (3.19) into yi assuming that we always expand
to leading order in small yi. Then for the above flat space solution (3.3),(3.4) we get from
(3.19) the following leading-order solution in the Poincare coordinates
Z = T = 1
τ
, Xi = yi(σ, τ)
τ
, yi = yi(σ, τ) . (3.20)
3.1 T-duality transformation
Let us now apply the T-duality transformation (2.12) to the small-string solution (3.20). We
find
Z˜ =
1
Z
= τ , (3.21)
∂σT˜ = − 1
Z2
∂τT = 1 , (3.22)
∂σX˜i = − 1
Z2
∂τXi = −τ 2∂τ yi
τ
= yi − τ∂τyi . (3.23)
We thus get the following leading-order solution in the dual Poincare patch (removing the tildes
on the dual coordinates)
Z(σ, τ) = τ , T (σ, τ) = σ , (3.24)
Xi(σ, τ) =
∫ σ
dσ′
[
yi(σ
′, τ)− τ∂τyi(σ′, τ)
]
, (3.25)
where yi = yi is the harmonic function in (3.4). This surface ends at the boundary Z = 0 at
τ = 0 with the shape of the boundary curve being
T = σ , Xi(σ) =
∫ σ
dσ′ yi(σ′, τ = 0) =
∫ σ
dσ′ [y+i (σ
′) + y−i (σ
′)] . (3.26)
The third normal derivative is given by
∂3τ Xi(σ, 0) = −2
∫ σ
dσ′ ∂3τyi(σ
′, τ = 0) = −2
∫ σ
dσ′ ∂3σ′ [y
+
i (σ
′)− y−i (σ′)] . (3.27)
Equivalently, eqs. (3.26),(3.27) as boundary conditions completely determine (3.24),(3.25) as
the unique solution.
Let us now compare this to the small-wave open-string solution of [16] we reviewed in
(1.12),(1.13). To this end we shall relax the condition of periodicity in σ that was implic-
itly assumed for small strings in the middle of AdS5 and then interchange τ and σ, thus writing
12
(3.24),(3.25) as
Z = σ , T = τ , Xi = xi(τ, σ) , (3.28)
xi(τ, σ) = 
∫ τ
dτ ′
(
y+i (τ + σ) + y
−
i (τ − σ)− σ[y˙+i (τ + σ)− y˙−i (τ − σ)]
)
. (3.29)
This is, indeed, equivalent to (1.10),(1.12) if we set (cf. (3.6))
y±i (τ) = x˙
±
i (τ) . (3.30)
We observe that the original small-string profile is mapped into the derivative (velocity) of the
open-string end point at the boundary, and thus the expansion in small string size corresponds
to the small velocity expansion for the wavy line.16 Notice that since we interchanged τ and
σ the world surface here is periodic in τ with period E¯ equal to the small string energy (see
(3.13)).
This proves that an arbitrary flat space solution maps, under our “T-duality plus boost”
transformation into a linearized solution for an open string ending on the boundary along a
wavy small-velocity trajectory. Since a deviation from the straight line is small, this may be
interpreted as a near BPS configuration. The same applies to the original small string: as
was already mentioned above, the large boost makes its world surface similar to that of a null
geodesic in AdS5.
Below we shall compute the value of the action (area) of this dual open string solution and
the corresponding energy and spin. We shall find that the string energy is given in terms of
its profile by (1.9),(1.14). In a sense, the T-duality relation helps to “demystify” the relation
between the string energy (depending usually on first derivatives of the coordinates) and the
Larmor-Lienard expression (1.9) of [16] that involves the second derivative (acceleration) of the
boundary trajectory.
It is reasonable to expect that the closed-open string relation we discussed above extends
beyond the classical approximation, i.e. applies to all orders in the large string tension expansion
(expansion in 1√
λ
). This is suggested by the fact that the world-sheet theory is the same, the
difference is in the interpretation of its fields (which are related by T-duality). At the same
time, the relation as described above is still valid only in the small-fluctuation (i.e. small
velocity) approximation. To extend it beyond the leading order in this approximation remains
an interesting open problem.
3.2 Area of the open string surface
Let us consider a Wilson loop which is a small deformation of the straight line and compute
the area of the corresponding minimal surface determining its value at strong coupling. As was
already mentioned above, since we assume the Minkowski signature on the world sheet, we need
16Since we started from a flat-space solution corresponding to the small size ( → 0) limit we should not
get an exact solution after the T-duality. Indeed, the dual solution is a solution to the linearized equations
of motion in AdS5 [16]. The leading-order solution is expressed in terms of a superposition of left and right
moving waves; corrections to it can be computed by going to higher order in the → 0 expansion.
13
to specify not only the boundary shape but also the third normal derivative of the transverse
coordinates of the surface. We shall also assume that the integrals of partial derivatives along
the Wilson loop vanish (which is the case if asymptotically the Wilson loop is a straight line or
if we consider only periodic perturbations). The expression for the area of the surface (3.28)
(where xi may be viewed as a generic small-fluctuation solution) in the leading approximation
is given by17
S =
√
λ
2pi
S¯ , S¯ =
∫
dτdσ
2σ2
[
(∂τxi)
2 − (∂σxi)2
]
. (3.31)
Using the equations of motion and dropping total derivatives in τ we get
S¯ =
∫
dτ
2σ2
(xi∂σxi)
∣∣∣∣∞
σ=ε
= − 1
2ε2
∫
dτ (xi∂σxi)
∣∣∣∣
σ=ε
, (3.32)
where we introduced a near-boundary cut-off Z = σ = ε→ 0 18 and dropped the σ →∞ term
under the assumption that xi and ∂σxi are finite everywhere. Expanding in small σ we find
(xi∂σxi)σ=ε = (xi(τ, 0) +
1
2
ε2∂2σxi(τ, 0) + ...)(ε∂
2
σxi(τ, 0) +
1
2
ε2∂3σxi(τ, 0) + ...)
= εxi(τ, 0)∂
2
σxi(τ, 0) +
1
2
ε2xi(τ, 0)∂
3
σxi(τ, 0) + ... . (3.33)
Using that for the solution of equations of motion (1.12) we have xi = xi−σ∂σxi+O(x2) where
xi is a harmonic function we obtain (to leading order)
19
xi
∣∣∣
σ=0
= xi
∣∣∣
σ=0
= xi(τ) , ∂σxi
∣∣∣
σ=0
= 0 , ∂2σxi
∣∣∣
σ=0
= −∂2σxi
∣∣∣
σ=0
= −∂2τxi(τ) ,
∂3σxi
∣∣∣
σ=0
= −2∂3σxi
∣∣∣
σ=0
, ∂kτ xi
∣∣∣
σ=0
= ∂kτ xi(τ) . (3.34)
Thus ∂2σxi(τ, 0) = −∂2τxi(τ, 0) so that after integrating by parts
S¯ = − 1
2ε
∫
dτ [∂τxi(τ)]
2 − 1
4
∫
dτ xi(τ)(∂
3
σxi)(τ, 0) . (3.35)
To compute the area we thus need both boundary conditions, namely, the boundary shape and
the third normal derivative. Equivalently, one may choose as the independent boundary data
the left and right parts x±i (τ) of the harmonic function xi(τ, σ).
The first divergent term in (3.35) gives a correction to the length of the Wilson loop. The
finite part of the area comes from the second term
S¯fin = −1
4
∫
dτ xi(τ, 0)(∂
3
σxi)(τ, 0) . (3.36)
17We ignore the trivial divergent xi-independent term.
18ε here should not to be confused with the  parameter of the expansion we used in section3.
19Note that here the first normal derivative is zero, the second one is dependent on boundary curve and third
one is finally independent.
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This can be written in terms of the parts x±i = x
±
i (τ) of the harmonic function xi(τ, σ) =
x+i (τ + σ) + x
−
i (τ − σ) as (see (1.13))
S¯fin =
1
2
∫
dτ (x+i + x
−
i )(∂
3
τx
+
i − ∂3τx−i ) =
1
2
∫
dτ vi(a
−
i − a+i ) , (3.37)
where we integrated by parts20 and introduced the obvious definitions
vi = ∂τxi(τ, 0), a
±
i = ∂
2
τx
±
i (τ) . (3.38)
3.3 Energy of the wavy line open string
Let us now consider the energy of the open string that ends on the boundary at a point
which is fluctuating around the straight Wilson line T = τ with the transverse coordinates
xi = xi(τ) changing slowly. This end point may be referred to as a “quark”. The energy is time
dependent because the work needed to keep the quark on its trajectory is radiated as waves
into the attached string. There may be also waves that arrive from the string and are absorbed
by the quark.
The case of pure emission by the quark was studied by Mikhailov [16] who obtained a very
interesting result for the energy of the string at a time T (see also [32])
E(T ) =
√
λ
2pi
E¯(T ) , (3.39)
E¯(T ) = 1
ε
1√
1− v2 −
v · a
(1− v2)2 +
∫ T
−∞
dτ
(1− v2) a2 + (v · a)2
(1− v2)3 , (3.40)
where vi = ∂τxi(τ), ai = ∂
2
τxi(τ) and in the first two terms vi = vi(T ), ai = ai(T ). In [16] only
the last term in (3.40) was derived explicitly and it was integrated over the whole trajectory.
The first two terms come from the regularization near the boundary, i.e. at Z = σ = ε → 0.
The last term is the accumulated energy that the quark radiates into the string and it should
therefore be always increasing (the integrand is indeed positive). In the leading small velocity
approximation eq.(3.40) reduces to
E¯(T ) = 1
ε
(1 +
1
2
v2)− v · a+
∫ T
−∞
dτ a2(τ) . (3.41)
This expression can be conveniently encoded in terms of the value of the first derivative of the
function E¯(T ):
∂E¯
∂T =
1
ε
v · a− ∂T (v · a) + a2 . (3.42)
Let us now derive this expression by starting directly with the small-wave solution in (1.12).
For generality, we will keep both x+ and x− modes, i.e. will not make an a priori assumption
that there are only outgoing waves. In the leading-order approximation the string energy is
20We dropped boundary terms assuming that at τ = ±∞ the contour is straight line and the 3rd derivative
vanishes, i.e. x±i (τ → ±∞) = 0.
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(here E =
√
λ
2pi
E¯ is conjugate to X0 = T equal in the case of T = τ in (3.28) to the 2d open
string energy)
E¯(τ) = E¯op =
∫ ∞
ε
dσ
σ2
[
1 +
1
2
(∂σxi)
2 +
1
2
(∂τxi)
2
]
. (3.43)
This implies that
∂τ E¯ =
∫ ∞
ε
dσ
σ2
(∂σxi∂
2
στxi + ∂τxi∂
2
τxi) . (3.44)
Using the equations of motion
∂2τxi − ∂2σxi +
2
σ
∂σxi = 0 , (3.45)
it follows that the integrand is a total derivative (as expected from the fact that it comes from
a conserved current). Therefore, the energy change is due to an energy flux coming from the
boundary and is given by
∂τ E¯ = − ∂σxi∂τxi
σ2
∣∣∣∣
σ=ε
. (3.46)
Using the expansion following from (2.11)
∂σxi(τ, ε) = −ε∂2τxi(τ, 0) +
1
2
ε2∂3σxi(τ, 0) , (3.47)
we find
∂τ E¯ = (
1
ε
∂τxi∂
2
τxi −
1
2
∂τxi∂
3
σxi)(τ, 0) =
1
ε
viai − 1
2
vi∂
3
σxi(τ, 0) , (3.48)
where once again vi = ∂τxi(τ) = ∂τxi(τ, 0), etc.
Comparing (3.48) to (3.42) we see that the divergent term is reproduced, but the finite term
depends on the third derivative. Therefore, the balance of the energy absorbed and emitted by
the quark depends, as expected, on both boundary conditions. Writing the solution in terms
of the left and right moving waves we have as in (1.12),(1.13)
xi(τ, 0) = x
+
i (τ) + x
−
i (τ) , ∂
3
σxi(τ, 0) = −2[∂3τx+i (τ)− ∂3τx−i (τ)] , (3.49)
and thus
∂τ E¯ =
1
ε
viai + vi(a˙
+
i − a˙−i ) =
1
ε
v · a+ ∂τ
[
v · (a+ − a−)
]
+ a−2 − a+2 , (3.50)
where we used the definitions
vi = ∂τxi = ∂τx
+
i + ∂τx
−
i , ai = a
+
i + a
−
i , a
±
i = ∂
2
τx
±
i . (3.51)
In the case of pure emission described by the special solution with x+i = 0 (i.e. with a = a
−)
we conclude that the full expression in eq.(3.42) is reproduced.
In the general case when there are both the left and the right moving waves, the “interference”
term in (3.50)21 is a total derivative and the logical conclusion follows: the energy of the string
21Note that this term is the same as the integrand in the area in (3.37).
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increases when the quark radiates the energy into the string (the term (a−)2 > 0) and decreases
when the quark absorbs the energy from the string (the term −(a+)2 < 0).
The result can be expressed in terms of the variables of the T-dual short string (see (3.24)–
(3.30)). The small string solution is essentially the flat space solution expressed in terms
of the functions y+(τ + σ) and y−(τ − σ) related to the open-string ones by (3.30), i.e. as
y±(τ) = ∂τx±(τ). In other words, given a small closed string data y±i (σ) and replacing σ ↔ τ
we get the corresponding wavy line data x±i (τ) according to (3.30). In the particular case we
are interested in when the open-string world sheet is periodic in τ with period Σ (3.13) the
total energy change of the open string should be computed over one period, giving
∆E¯op = E¯op(Σ)− E¯op(0) =
∫ Σ
0
dτ (a−2 − a+2) =
∫ Σ
0
dτ
[
(∂τy
−
i )
2 − (∂τy+i )2
]
, (3.52)
i.e. it vanishes once one uses the closed-string data for y± satisfying the level matching condition
(3.14).
On the other hand, the energy of the closed string computed directly is given by 22
E¯cl =
∫ Σ
0
dτ
[
(∂τy
−
i )
2 + (∂τy
+
i )
2
]
, (3.53)
which in the dual (open-string) language can be written as
E¯cl =
∫ Σ
0
dτ (a−2 + a+2) , (3.54)
with the two terms contributing equally due to the closed-string constraint (3.14) (or the
vanishing of (3.52)).
Let us also comment on a similar comparison between the values of the spin of the small
closed string and the long open string. For the closed string in flat space the transverse spin
components are (in the light-cone gauge, and suppressing the string tension factor as in (2.29))
S¯clij =
∫ Σ
0
dσ(yi∂τyj − yj∂τyi) . (3.55)
For the solutions yi(τ, σ) = y
+(τ + σ) + y−(τ − σ) this reduces, after integration by parts, to
S¯clij =
∫
dσ
[
(y+i ∂τy
+
j − y+j ∂τy+i )− (y−i ∂τy−j − y−j ∂τy−i )
] ≡ S+ij − S−ij . (3.56)
For the near-straight open string surface in (3.28) we may define the angular momentum com-
ponents as
S¯ij = S¯
op
ij =
∫
dσ
σ2
(xi∂τxj − xj∂τxi) . (3.57)
22Recall that τ and σ are interchanged in the two pictures, so we replaced the usual σ integral by the τ
integral.
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However, this quantity is not conserved, since the angular momentum can flow into/from the
boundary:
∂τ S¯ij = − 1
σ2
(xi∂σxj − xj∂σxi)
∣∣∣
σ=
=
1

∂τ (xivj − xjvi)− 1
2
(xi∂
3
σxj − xj∂3σxi)(τ, 0) . (3.58)
This gives the influx of the angular momentum into the string in terms of the boundary data.
Expressed in terms of the ∂τ derivatives of the boundary functions x
±
i this reads (up to a total
derivative)
∂τ S¯ij = (v
+
i a
+
j − v+j a+i )− (v−i a−j − v−j a−i ) . (3.59)
Then the total spin change over one period is (cf. (3.52))
∆S¯ij =
∫ Σ
0
dτ
[
(v+i a
+
j − v+j a+i )− (v−i a−j − v−j a−i )
]
= S+ij − S−ij , (3.60)
i.e. it is found to be equal to (3.56) after we use again (3.30), i.e. that in going from the closed
string to the open string picture the position becomes the velocity and the velocity becomes
the acceleration. The conclusion is thus that the total change in spin from the initial to the
final state of the open string equals the spin of the T-dual short closed string.
3.4 Including string motion in S5
Let us now consider the case when the small string may move not only in AdS5 but also in S
5.
We shall parametrize S5 by the embedding coordinates as
ZAZ
A + Z26 = 1, A = 1, ..., 5 . (3.61)
Like in the AdS5 case in (2.23), the small string limit may be defined as the following expansion
Z6 ∼ 1 +O(2), ZA ∼  . (3.62)
Then the corresponding SO(6) currents are of order (cf. (2.24))
ja,6A ' ∂aZA ∼ , ja,AB = ZA∂aZB − ZB∂aZA ∼ 2 . (3.63)
Since neither the the T-duality (2.12) nor the boost (2.25) affect these coordinates, the same
scaling will apply also to the open string interpretation.23
The short string in AdS5 × S5 is described by the 8=3+5 transverse coordinates that, to
the leading order, solve the flat-space string equations, i.e. in addition to 3 functions yi in
(3.15),(3.16) we get 5 extra functions zA
ZA =  zA(σ, τ) , zA(σ, τ) = zA(σ, τ) = z
+
A(σ + τ) + z
−
A(σ − τ) . (3.64)
23Let us note that one may formally consider similar T-duality relations between solutions in S5 directions.
Indeed, by complexifying the S5 coordinates one may put it into the Euclidean AdS(or de Sitter) form, then
introduce effective Poincare coordinates with 4 linear commuting isometries and finally apply the T-duality
[19, 20]. However, this prescription will in general map real solutions into complex ones so its relevance in the
present context is not immediately clear.
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In what follows we shall again absorb  into zA.
The conformal constraints now involve all 10 coordinates, so that in the light-cone gauge
(3.10) we get relations generalizing (3.11) that determine X+(σ, τ) so that the level matching
condition (3.14) now is∫
dσ
[
(∂τy
+
i )
2 + (∂τz
+
A)
2 − (∂τy−i )2 − (∂τz−A)2
]
= 0 . (3.65)
The small string energy (2.28), (3.53) gets an additional contribution
E¯clS5 =
∫
dσ
[
(∂τz
−
A)
2 + (∂τz
+
A)
2
]
. (3.66)
The SO(6) charges J6A in the flat space limit become momenta in these directions whereas JAB
represents the SO(5) spins. Let us consider the case when the total momenta J6A vanish. The
expression for the SO(5) spin components of the small closed string may be written as
JclAB =
∫
dσ
[
(z+A∂τz
+
B − z+B∂τz+A)− (z−A∂τz−B − z−B∂τz−A)
]
= J+AB − J−AB . (3.67)
Let us now turn to the open-string (Wilson loop) picture. As was already mentioned, the boost
and the T-duality apply to the AdS5 coordinates only so the S
5 coordinates for the T-dual open
string surface are the same as for the small string one. On the gauge theory side the Wilson loop
is completely specified by giving the scalar field profile parametrized by the 5 small-fluctuation
functions zA as Φ = Φ6 +z
A(τ, σ = 0)ΦA. This completely specifies the Wilson loop. However,
in the semiclassical string theory description we need to fix also the derivative ∂σzA(τ, σ = 0).
Equivalently, we need to specify the functions z+A(τ) and z
−
A(τ).
The energy and the angular momentum of the open string are again not conserved since
there may be a flow through the boundary. The expression for total change of the open string
energy is a direct generalization of the one in (3.52)
∆E¯ = E¯(+∞)− E¯(−∞) =
∫ +∞
−∞
dτ
[
(∂τy
−
i )
2 + (∂τz
−
A)
2 − (∂τy+i )2 − (∂τz+A)2
]
, (3.68)
and as in (3.52) it vanishes due to the closed-string level matching condition (3.65). As in (3.53),
the short closed string energy is found by adding the left and the right mode contributions. For
the open string angular momentum we find the expression similar to (3.60)
∆JAB = J
+
AB − J−AB , (3.69)
which is again equal to the closed string one (3.67).
4 Folded spinning string case
The folded spinning string [1] plays important role in gauge-string duality, with both long
and short string limits providing important insights. Let us now apply the above T-duality
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considerations in this case without the assumption that the string is small. The T-duality
maps this string to a Wilson loop with two boundaries, namely a heavy quark / anti-quark
pair. At the end we may take the small string limit reproducing the result of previous sections
plus corrections. In the open string language this limit corresponds to zooming, e.g., near the
quark and ignoring the anti-quark.
Our original motivation was to understand a possible relation between the small-spin limit
slope function (1.4) and the near-straight line Wilson loop coefficient (1.3), but we will not try
to address this question below.
We shall first consider the general spin case and then take the small spin (short string) limit.
The rigid spinning string ansatz in AdS5 can be written as
X0 + iX−1 = cosh ρ(σ) eit(τ), X1 + iX2 = sinh ρ(σ) eiθ(τ), X3 = X4 = 0 ,
ρ = ρ(σ), t = κτ, θ = ωτ . (4.1)
It representsa stretched rotating string with the center of mass fixed at the point ρ = 0. The
function ρ(σ) is given, in the conformal gauge, by any of the two equivalent relations
cosh ρ(σ) = dn(qσ, ik) , q ≡
√
ω2 − κ2, k ≡ κ
q
, (4.2)
sinh ρ(σ) = k sn(qσ, ik) . (4.3)
Here dn and sn are the standard Jacobi elliptic functions (for our choice of their definitions see
Appendix A).24 Below we will often omit the modulus ik from their argument in the assumption
that it is the same for all Jacobi functions appearing in this paper.
The string is rotating with a physical angular velocity Ω = dθ
dt
= ω
κ
and therefore only one of
the parameters ω, κ is physical. Alternatively, we can fix the periodicity of the coordinate σ to
be σ ≡ σ + 2pi which gives
2
q
K(ik) = 2pi , (4.4)
providing a relation between κ and ω. Note also that the radial coordinate ρ varies from 0 to
its maximal value ρ∗ given by
coth2 ρ∗ =
ω2
κ2
≡ 1 + 1
k2
, (4.5)
i.e. k determines the length of the string.
Using the definition of the Poincare coordinates in (2.5)–(2.8) we obtain the following em-
bedding of the folded string solution into the Poincare patch of AdS4
Z =
1
X−1 −X4 =
1
dn(qσ) sinκτ
, (4.6)
X0 = cotκτ , X1 + iX2 = k sn(qσ)
dn(qσ)
eiωτ
sinκτ
. (4.7)
24Our notation here are different from the ones used, e.g., in [26] where k was κω , etc. The relation can be
seen using
cn(ωσ +K,
κ
ω
) = −
√
1− κ
2
ω2
sn(ωσ, κω )
dn(ωσ, κω )
= −sn(qσ, ik) , K = K(κ
ω
) ,
which follow from cn(u+K) = k′ snudnu , sn(k
′u, i kk′ ) = k
′ sn(u,k)
dn(u,k) , k
′ =
√
1− k2 (see [27]).
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Applying the T-duality transformation (2.12) we get
Z˜ =
1
Z
= dn(qσ) sinκτ , (4.8)
∂σX˜0 = − 1
Z2
∂τX0 = κdn2(qσ) , (4.9)
∂σ(X˜1 + iX˜2) = − 1
Z2
∂τ (X1 + iX2) = k sn(qσ) dn(qσ) eiωτ (κ cosκτ − iω sinκτ) (4.10)
These equations can be integrated (cf. (A.6)) giving the explicit form of the T-dual solution:
Z˜ = dn(qσ) sinκτ , (4.11)
X˜0 = k E(am(qσ), ik) , (4.12)
X˜1 + iX˜2 = −k
q
cn(qσ) eiωτ (κ cosκτ − iω sinκτ) . (4.13)
Interchanging σ and τ coordinates and dropping the tildes we find the final form of the open-
string (Wilson loop) solution
Z = dn(qτ) sinκσ (4.14)
X0 = k E(am(qτ), ik) (4.15)
X1 + iX2 = −k
q
cn(qτ) eiωσ(κ cosκσ − iω sinκσ) . (4.16)
The string ends at the boundary Z = 0 on the two curves at σ = 0 and σ = pi/κ. They are
given by
X0 = k E(am(qτ), ik) , X1 + iX2 = −k2cn(qτ) , (4.17)
and
X0 = k E(am(qτ), ik) , X1 + iX2 = k2cn(qτ) eipi ωκ , (4.18)
and thus are related by a simple spatial rotation.
The energy of the closed string can be computed as the change in X0 over one period, namely
∆X0 = κ
∫
dτ dn2(qτ) . (4.19)
The spin can be represented as the boundary flux of the corresponding current. This can be seen
generically by starting with the spin (S = S12) of the closed string given by (here X = X1 + iX2)
S¯ =
∫
dσ
1
Z2
Im(X¯∂τX ) = −
∫
dσ Im(X¯∂σX˜ ) , (4.20)
where in the second equality we used the T-duality relation (2.12). Integrating by parts and
using again the T-duality relation we obtain
S¯ = −Im(X¯ X˜ )
∣∣∣σf
σi
+
∫
dσ
1
Z˜2
Im( ¯˜X∂τ X˜ ) . (4.21)
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Interchanging σ and τ and omitting the tildes we find
S¯ =
∫
dτ
1
Z2
Im(X¯∂σX ) , (4.22)
where we also dropped the first term in view of the periodicity of the solution. It can be seen
that the spin of the open string vanishes, which means that the same flux of the spin enters
through one boundary and leaves through the other. This flux represents the spin of the closed
string.
The short string limit can be taken as κ → 0 keeping ω fixed (so that k → 0). In this limit
the solution becomes essentially the flat-space folded spinning string one
t→ kτ , X1 + iX2 → k sinσ eiτ . (4.23)
Explicitly, we get in this limit
sinh ρ = k sinσ − k
3
4
sinσ cos2 σ + ... , (4.24)
κ = k(1− k
2
4
+ ...) , ω = 1 +
k2
4
+ ... , q = 1− k
2
4
+ ... , (4.25)
while the spin and the energy have the following expansions (E =
√
λ
2pi
E¯, S =
√
λ
2pi
S¯)
S¯ = pik2(1 +
1
8
k2 + ...) , E¯ =
√
4piS¯
(
1 +
3
16pi
S¯ + ...
)
. (4.26)
The lowest order expression for the corresponding T-dual solution (4.16) is then
Z = kσ , X0 = kτ , X1 + iX2 = k2 cos τ eiσ(1− iσ) . (4.27)
After the rescaling by k which corresponding to the boost in (2.25) we find 25
Z = σ , X0 = τ , X1 + iX2 = Y − σ∂σY , (4.28)
with Y being a harmonic function
Y ≡ −k cos τ eiσ . (4.29)
Notice that ∂τY = sin τ e
iσ which is indeed the small string limit of X1 + iX2 in eq.(4.1) as
expected form our previous analysis in section 3 (see (3.23)–(3.30)).
25Let us note once again that in the limit of S→ 0 the string is short and thus should be close to a massless
particle moving with the speed of light. This, however, is not reflected in the present solution which degenerates
to ρ = 0 in this limit. One way to avoid this problem is to add momentum J in S5 so that in the limit S→ 0 the
string solution reduces to the BMN geodesic (representing a massless BPS state in the full AdS5 × S5 theory).
An alternative way to ensure a non-trivial BPS limit that we consider here is to generalise the folded string
solution by boosting it within AdS5 so that the S → 0 coincides with the limit of infinite boost and therefore
the resulting point-like string follows along a massless geodesic.
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It is easy to extend the small κ (small k) expansion to higher orders. Including the first
subleading terms we find (using (4.25))
Z = σ − k
2
6
σ(σ2 − 3 sin2 τ) , X0 = τ + 1
2
k2(τ − sin τ cos τ) , (4.30)
X1 + iX2 = −k cos τ eiσ(1− iσ)− ik
3
12
eiσ
[
3i sin τ(τ − sin τ cos τ)(1− iσ) + 2σ3 cos τ
]
.
Similar discussion can be repeated for the small string limit of other closed string solutions in
the bulk of AdS . We shall consider the spiky string case in Appendix B.
5 Comments on interpretation of the T-duality relation
Let us now make few comments on a physical interpretation of the T-duality relation discussed
above.
The Poincare patch of the AdS space is the near horizon limit of the extremal D3 black
brane geometry, and as such, it has a horizon at Z = ∞. In global AdS coordinates in (2.1)
such a horizon is a light-like surface given by X− = 0. Let us consider a small string in the
bulk which after a boost falls into the horizon of the extremal black brane at the point X0 = 1,
X± = Xi = 0. After the T-duality, the string falling into the horizon becomes effectively an
open string with the boundary end-point that may be interpreted as a heavy “quark” moving
along a prescribed trajectory in the dual field theory.
The quark’s trajectory is periodic with period Σ = E¯ where E¯ is the closed-string energy
(see (3.13),(3.26)). The velocity of the quark is directly given (3.30) by the position of the
closed string when falling through the horizon. The quark absorbs and radiates the energy and
the spin. The energy is expressed (3.48) in terms of the third derivative of the string position
and is given by the momentum density of the string. Loosely speaking, this momentum density
determines the state of the field that surrounds the quark in the dual field theory picture.26
For a pictorial representation of the AdS space it is convenient to introduce a new coordinate
0 < ξ < pi
2
so that the AdS5 metric becomes (cf. (3.2))
ds2 =
1
cos2 ξ
(−dt2 + dξ2 + sin2 ξ dΩ2[3]) , cos ξ = 1cosh ρ . (5.1)
The Poincare coordinates are chosen in such a way that the horizon is at X− = 0. The boost
performed in (3.16),(3.19) squeezes the string into a small region around X+ = 0 (see fig. 1 and
fig. 2). There is, of course, an ambiguity in choosing the Poincare patch. For another choice,
the horizon will cut the world-sheet of the closed string on a different curve and therefore the
dual Wilson loop will be different. This is expected since choosing a different Poincare patch
is tantamount to choosing different directions to do T-duality and therefore the result may be
different.27
26In the field theory, on a first approach, if we want to reproduce the energy vs. spin relation, we need to
compute the relation between the energy and the spin of the radiation emitted by the quark. However, this
should be integrated over trajectories. The precise computation to be done in the field theory is not clear and
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Figure 1: AdS in global coordinates with the Poincare patch defined by the horizon X− = 0
shaded in green. We consider a short string moving in the gray region of linear size  around
X0 = 1, X± = Xi = 0. Since the string in nearly massless, after a boost it moves in the red
colored region of size 2 around the light-like line X+ = 0, arriving at the horizon at the speed
of light. The state in which it falls through the horizon is given by its shape and momentum
density and maps directly to the properties of the dual Wilson loop. The Poincare patch
(before T-duality) is shown on the right. The string is then almost point-like and moving in a
neighborhood of the geodesic indicated in red towards the horizon at Z =∞.
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tσ
τ
X₋
= 0, 
 (Z=
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Figure 2: A small boosted (nearly-massless) string falling into the extremal horizon. Let jσ,τ
be the components of the current associated with the energy conservation (here (τ, σ) are the
world-sheet coordinates). We may compute the energy of the string as an integral in σ right at
the horizon
∫
dσ jτ . Interchanging σ and τ , we get a string with a boundary and a flux along
the end. The same integral
∫
dτ jσ can be interpreted as a flux of energy leaving the string
through the boundary. The two expressions are the same since they are given by the same
integral. It is the second interpretation that applies after the T-duality.
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At the boundary there is an incoming and outgoing flux of energy. The difference between the
fluxes gives the (non-conserved) energy on the open string (Wilson loop) side (see (3.50),(3.52)).
On the other hand, the total integrated flux (given by the sum of incoming plus outgoing fluxes)
gives the energy of the dual closed string (3.53). For periodic closed string the total integrated
incoming and outgoing fluxes are the same (due to level matching) so they contribute equally to
the energy. The parameter entering the level matching condition (“wrapping”) is a difference
in the momentum flux, and the energy is the sum. They get interchanged after the T-dulaity.
In general, the T-duality is a kind of “position ↔ momentum” duality (cf. [18]). Here we
considered another example making it explicit that the local degrees of freedom (strings) near
the horizon are those of the dual momentum theory. A natural expectation is that a string
that falls through the horizon should correspond to an insertion of an operator (Wilson loop) in
the T-dual theory. Here we have given a precise map for short strings: for a closed string that
crosses the horizon we have to insert a Wilson loop with the corresponding shape determined
by the shape of the closed string.
More explicitly, suppose we have a process where we send two strings from the boundary
(represented by dual operator insertions) which collide in such a way that one outgoing string
goes to the boundary (another operator insertion) and the other goes onto the horizon. Then
in the dual field theory one has to insert a Wilson loop to represent the latter string. This
Wilson loop is precisely the one defined by a wavy line that we discussed. Unfortunately, we
do not know at present how to write such a Wilson loop explicitly in terms of the original open
string variables, though we have a small closed string description for it.28
In the Euclidean AdS/CFT correspondence, N = 4 Euclidean gauge invariant correlators
can be computed as string theory correlators in Euclidean AdS for strings that emerge from
the boundary by the insertion of appropriate vertex operators. If we consider the Minkowski
signature case in global coordinates, the same correspondence applies (see fig. 3). However,
when selecting a Poincare patch, it may happen that one (or more) of the local operators
inserted in not on the boundary patch, or, equivalently, one (or more) of the closed strings falls
into the extremal Poincare horizon. Then the world sheet has a boundary: in the example of
fig. 3 the world sheet has three operator insertions plus a boundary at the horizon. In this
paper we saw that the conditions at such boundary can be simply expressed by saying that the
world sheet ends at a wavy line Wilson loop in the T-dual version of the AdS space.
is left as important problem for the future.
27The T-duality the way we defined it in Minkowski signature relies on a choice of the Poincare patch. One
may start instead in the Euclidean signature AdS where the Poincare coordinates cover the full space and use
also the Euclidean signature on the world sheet. Then the T-duality will in general map real solutions to complex
ones and one will need to use an analytic continuation to define the T-duality map back in Minkowski signature
(though this procedure may not, again, be unique). In global (e.g., embedding) coordinates the ambiguity in
the definition of the T-duality map will be reflected in an ambiguity in a choice of 4 commuting isometries
used to perform the T-duality. In the Minkowski signature that will correspond to having different horizons. In
each case the T-dual of a small string will be a different Wilson loop corresponding to “freezing” the string at
different times. The “crossing of the horizon” picture is relevant because the shape of the string at the horizon
is what maps to the Wilson loop shape, namely, the surface X− = 0 maps to boundary. In the above discussion
we put a short string at ρ = 0 so the crossing the horizon is unavoidable.
28Note that in [24, 25] there is a similar relation between closed/open string descriptions based on integrability
(reflection matrix). In Minkowski case there should be more freedom.
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Figure 3: An amplitude with three insertions at the boundary of the Poincare patch and
one on the other boundary. The Poincare patch of the AdS space in global coordinates is
shaded in green. In global coordinates this amplitude is computed by a world-sheet theory
with four local operators inserted. In the Poincare patch, the world sheet has a boundary. The
boundary conditions, in the T-dual interpretation, are exactly those of a world sheet ending at
the boundary of AdS space on a line (Wilson loop) with shape and third derivative given by the
state of the string falling in. Therefore, from the boundary theory point of view, the amplitude
is given by a “mixed” correlator – with three local operator insertions and a non-local Wilson
loop of the T-dual “momentum” theory. Although it is not easy to compute it, it is interesting
that at least in principle the dual N = 4 gauge theory is self-contained. This is reminiscent of
a black hole complementarity but here we are not trying to describe what happens behind the
horizon.
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Note that the same AdS space can be interpreted as corresponding to the original N = 4
supersymmetric gauge theory or to the T-dual (“momentum”) theory. Therefore, from the dual
gauge theory point of view we can compute the same amplitude by replacing the missing local
insertion by a Wilson loop of the T-dual “momentum” theory.
The situation is somewhat reminiscent of the black-hole complementarity, although it is not
obvious that there is any information about what happens behind the horizon. It should be
noted that the present situation corresponds to an (extremal) eternal black hole and therefore
the usual paradoxes due to black hole evaporation do not arise. Nevertheless, it is interesting to
note that the correlation function can be computed entirely in terms of the operators in a single
N = 4 gauge theory. The computation is not straight-forward since the dual (“momentum”)
Wilson loop is not easy to represent in terms of the original variables. This is again similar to
the complementarity where the missing local operator is scrambled in a non-trivial way when
represented in the original variables. Note also that we insert an operator related to the state
of the string when crossing the horizon and not directly related to the operator on the other
boundary.
6 Discussion
The main result of this paper is the demonstration of existence of a map between the state of a
closed string falling into the Poincare horizon and a Wilson loop of the T-dual boundary theory.
The T-duality we used is like the one of [18] that relates gluon scattering amplitudes to closed
light-like Wilson loops with cusps. In our case the profile of the corresponding Wilson loop
is completely determined by the shape of the closed string. In particular, it is periodic with
period fixed by the energy of the closed string. This allows us to define correlation functions of
local operators where one of the corresponding strings falls into the horizon. The string that
crosses the horizon is replaced by a Wilson loop of the T-dual theory.
Our semi-classical computation has barely scratched the surface of what seems to be an
interesting topic for further research. For example, these ideas might have implications for
understanding the physics of black holes, e.g., black hole complementarity. For example, it
suggests that the dynamics of closed strings in a small flat-space region in the bulk of AdS is
dual to a correlation functions of certain Wilson loops in gauge theory. To make this precise
the first step would be to describe the T-duality map at the full quantum level. The algebra
of oscillators of the closed string should map to the algebra of the corresponding deformation
operators of the Wilson loop. Also, the partition functions of the T-dual world-sheet theories
should map to each other, implying that the relation holds to all orders in 1√
λ
expansion.
The T-duality relation discussed above implies that one should be able to translate results
known about Wilson loops into statements about closed strings crossing the horizon. In par-
ticular, the exact result for the wavy-line open string energy (1.8) should have its counterpart
on the small closed string side, potentially providing a link to the slope function in (1.4).
On the dual field theory side, the corresponding problem is how to compute a relation between
the spin and the energy radiated by a heavy quark moving along a wavy line trajectory. At
lowest order one can phrase this question in the language of [6]. If the period is Σ, then the
quark oscillates with frequency ω = n
Σ
(n is a wave number). Let the amplitude of oscillations
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be η. According to [6] the quark radiates quanta of energy ω with probability
p
emission
= f(λ)ω3|η|2Σ . (6.1)
where f(λ) is a known function of λ scaling as
√
λ at strong coupling. If those quanta in
addition to energy ω carry spin 1 (gluons) then the energy and the spin radiated by the quark
are
E = f(λ)ω4|η|2Σ , S = f(λ)ω3|η|2Σ . (6.2)
It follows then that
E = ωS =
n
Σ
S . (6.3)
Let us now try to interpret this relation in T-dual closed string terms. As we discussed above,
the period Σ should be proportional (3.13) to the closed-string energy Σ ∼ E√
λ
. For the open
string T-dual to closed string there should be both left and right mover contributions, and the
level matching condition implies that the left and right movers emit and absorb the same total
energy. Then it follows from (6.3) that
E ∼
√√
λnS . (6.4)
This is a Regge trajectory relation for a closed string state at level N = N˜ = 1
2
nS and tension
∼ √λ. This naive computation should, of course, be made more precise. It is important to
understand, for example, how the 1√
λ
corrections appear.
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A Elliptic Integrals and Jacobi elliptic functions
The rotating string solution and its T-dual are written in terms of Elliptic integrals and Jacobi
Elliptic functions. Since there are different notations and definitions used for these functions,
especially in the case of an imaginary modulus, in this appendix we briefly collect the definitions
that we use, together with some simple properties of these functions. We use the following
notation for elliptic integral E
E(φ, ik) =
∫ φ
0
dθ
√
1 + k2 sin2 θ . (A.1)
Notice that with this definition E is an always increasing function; in particular, it is not
periodic. This is the appropriate definition for an imaginary modulus. Also we define
sn(z, ik) = sinφ(z, ik), cn(z, ik) = cosφ(z, ik), dn(z, ik) = ∂zφ(z, ik) , (A.2)
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where φ(z, ik) is determined by
z =
∫ φ(z,ik)
0
dθ√
1 + k2 sin2 θ
. (A.3)
Again, for imaginary modulus, φ(z, ik) is an arbitrary real number and is not a periodic function
of z. On the other hand, the functions sn(z, ik), cn(z, ik) and dn(z, ik) are periodic. Taking
z derivatives on both sides of eq.(A.3) gives
∂zφ(z, ik) =
√
1 + k2 sin2 φ(z, ik) . (A.4)
It follows that
∂zE(φ(z, ik), ik) = ∂zφ(z, ik)
√
1 + k2 sin2 φ(z, ik)
= 1 + k2 sin2 φ(z, ik) = 1 + k2sn2(z) . (A.5)
This implies the following expression for the integral∫
dσ sn2(qσ, ik) = − σ
k2
+
1
qk2
E(sn(qσ), ik) . (A.6)
B Spiky string case
Let us consider T-dual of spiky string in AdS space [33]. The corresponding flat space solution
in the conformal gauge is
y0 = τ , y3 = y4 = 0 ,
y1 = κ
{
cos
[τ + σ
2κ
]
+ (n− 1) cos
[ τ − σ
2κ(n− 1)
]}
,
y2 = κ
{
sin
[τ + σ
2κ
]
+ (n− 1) sin
[ τ − σ
2κ(n− 1)
]}
. (B.1)
Here we choose y0 = τ by rescaling of τ and σ, so that σ ≡ σ + 4piκ(n − 1) where n is the
number of spikes (n = 2 is the usual folded spinning string).
This may be viewed as solution in R1,4 in the light-cone gauge if we take the advantage of
the fact that y4 = 0 and define y± = y0± y4 = τ (cf. (3.19)).29 The left and right moving parts
of yi = y
+
i (τ + σ) + y
−
i (τ − σ) are easily identified as
y+1 (τ) = κ cos
[ τ
2κ
]
, y−1 (τ) = κ(n− 1) cos
[ τ
2κ(n− 1)
]
, (B.2)
y+2 (τ) = κ sin
[ τ
2κ
]
, y−2 (τ) = κ(n− 1) sin
[ τ
2κ(n− 1)
]
. (B.3)
29A different choice, for example y± = y0± y1, leads to complications which need to be dealt with if y3,4 6= 0.
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The corresponding open string (Wilson loop) data follows from the general expression for the
T-dual solution in section 3 (see (3.30)). After the redefinition σ ↔ τ we get
T = τ , (B.4)
X1 = 2κ
{
sin
[ τ
2κ
]
+ (n− 1)2 sin
[ τ
2κ(n− 1)
]}
, (B.5)
X2 = −2κ
{
cos
[ τ
2κ
]
− (n− 1)2 cos
[ τ
2κ(n− 1)
]}
, (B.6)
∂3σX1 =

2κ
{
cos
[ τ
2κ
]
− 1
n− 1 cos
[ τ
2κ(n− 1)
]}
, (B.7)
∂3σX2 =

2κ
{
sin
[ τ
2κ
]
+
1
n− 1 sin
[ τ
2κ(n− 1)
]}
. (B.8)
The modulus of the acceleration of the end point of the open string (quark) is given by
a2 = (∂2τX1)2 + (∂2τX2)2 =
2
κ2
sin2
[ nτ
4(n− 1)κ
]
. (B.9)
The acceleration vanishes at the points
τm = 4κpi
n− 1
n
m, m ∈ Z . (B.10)
These correspond to the positions of the cusps on the small spiky string side, i.e. the cusps
of the small string are seen in the T-dual picture as the points where the acceleration of the
end-point quark vanishes.
Note that if the Wilson loop had cusps itself (namely, jumps in the velocity) then the corre-
sponding small string would have jumps in the position. This is not possible, i.e. one cannot
obtain Wilson loops with cusps by this T-duality transform. In fact, it was already argued in
[18] that the cusped Wilson loops are dual to open strings representing scattering of gluons (i.e.
to non gauge-invariant operators).
C T-duality in a non-compact direction on a cylinder
The world-sheet theory corresponding to the closed string is defined on the cylinder (see fig. 2).
At the same time, the coordinates Xµ that we T-dualized in (2.12),(3.22) are non-compact and
that may be a source of concern. Below we shall review the application of T-duality in such
a case of a non-compact target space coordinate (we shall consider only one bosonic X0 = T
coordinate). The fermionic T-duality and the full quantum map in the case of the AdS5 × S5
superstring theory is left for the future work. 30
30Let us note also that T-duality for non-compact directions only works at lowest order in string coupling gs
[20], namely, at the planar level of the dual field theory. It might be possible to extend it further by including
extra degrees of freedom, something that should be done if 1/N corrections need to be understood.
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The generic world-sheet action can be written as (we ignore the overall factor of string
tension)
S =
∫
dσdτ
[
gT T (∂τT ∂τT − ∂σT ∂σT ) + 2gT i(∂τT ∂τX i − ∂σT ∂σX i)
+ gij(∂τX i∂τX j − ∂σX i∂σX j)
]
, (C.1)
where in our present case the metric depends only on the coordinate Z that is not displayed
here. Gauging as usual the shifts in T we get
S =
∫
dσdτ
[
gT T (AτAτ − AσAσ) + 2gT i(Aτ∂τX i − Aσ∂σX i) + gij(∂τX i∂τX j − ∂σX i∂σX j)
+ T˜ (∂σAτ − ∂τAσ)
]
. (C.2)
The path integral over the Lagrange multiplier T˜ enforces Aσ,τ to be a pure gauge and therefore
the path integral over T˜ , Aσ, Aτ is equivalent to the path integral over T . On the other hand,
integrating first over Aσ, Aτ gives the T-dual action for T˜ .
To deal with the subtetly of the theory defined on the cylinder let us expand all the variables
as periodic functions of σ (here assumed to be 2pi periodic)
T = ξ0(τ) +
∑
n6=0
einσξn(τ) , T˜ = ξ˜0(τ) +
∑
n 6=0
einσ ξ˜n(τ) , (C.3)
Aσ = ξσ0(τ) +
∑
n6=0
einσξσn(τ) , Aτ = ξτ0(τ) +
∑
n6=0
einσξτn(τ) . (C.4)
Ignoring first the zero modes, let us check that the path integral over ξσn(τ), ξτn(τ) and ξ˜n(τ)
is equivalent to the path integral over ξn(τ). Indeed, the action has a term∫
dτ
∑
n6=0
ξ˜−n(inξτn − ∂τξσn) . (C.5)
The path integral over ξ˜n enforces the relation ξτn =
1
in
∂τξσn which means that the only
independent variables remaining are ξσn. Then defining ξn =
1
in
ξσn accomplishes the task.
The zero modes in (C.3),(C.4) present, however, few problems. Notice that ξτ0 which should
be equal to ∂τξ0 does not appear in the last term
SA =
∫
dτdσ T˜ (∂σAτ − ∂τAσ) (C.6)
in the action (C.2). To enforce the required relation we may add an extra term to the action
depending on a new variable µ0(τ)
S0 = −
∫
dτ µ0(τ)(ξτ0 − ∂τξ0) = − 1
2pi
∫
dτdσ µ0(τ)Aτ +
∫
dτ µ0(τ)∂τξ0 . (C.7)
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Performing the path integral over µ0(τ) gives ξτ0 = ∂τξ0 and the subsequent integral over ξ0
completes the T with the zero mode. Integrating by parts in the last term of (C.7) gives
S0 = − 1
2pi
∫
dτdσ µ0(τ)Aτ −
∫
dτ ∂τµ0(τ)ξ0(τ) + µ0(τf )ξ0(τf )− µ0(τi)ξ0(τi) . (C.8)
If we now integrate over ξ0 we get µ0 =const. Adding together the extra SA and S0 terms and
after some integral by parts, we have
SA+S0 = −
∫
dτdσ
[
(∂σT˜ + µ¯0)Aτ−∂τ T˜ Aσ
]
+2piµ¯0[ξ0(τf )−ξ0(τi)] , µ¯ = 1
2pi
µ0 . (C.9)
In the T-dual action we should replace ∂σT˜ → ∂σT˜ + µ¯0.
If we Fourier transform over the center of mass positions ξ0(τf ) and ξ0(τi) we get that the
initial and final momenta in the T direction should be equal to µ0. Therefore, instead of
integrating over µ0 we can fix µ0 to be equal to the value of the corresponding conserved
momentum, namely, the energy conjugate to T = X0.
Up to now we discussed the theory defined on the cylinder with all the functions periodic in
σ. However, we may formally define the T-dual coordinate T˜ as
T˜ = µ¯0σ +
∑
n6=0
ξ˜n(τ)e
inσ . (C.10)
Including the linear term in σ is allowed as T˜ enters in the action through its derivatives which
are all periodic. A problem, however, arises if we insert vertices with momenta in the direction
of T˜ : the presence of a factor exp(iE˜T˜ ) will break the periodicity in σ.
Equivalently, we may consider the coordinate T˜ to be periodic with period determined by
the energy, T˜ ≡ T˜ + 2piE. Physically, the period changes with the energy so it should not be
considered a property of the dual space-time but of the configuration that we are considering.
The T-dual string surface is then an open string world sheet which is periodic along T˜ .
Another problem is that the zero mode part of the Lagrange multiplier term (C.6)
SA0 =
∫
dτ ξ˜0(τ)∂τξσn(τ) (C.11)
sets ∂τξσn(τ) = 0 as it should, but leaves a possible zero mode ξτ0 independent of τ . The latter
implies the presence of a term T ∼ ξτ0σ which should not be allowed by the periodicity. This
can be dealt with by setting it to zero with a Lagrange multiplier.
References
[1] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A Semiclassical limit of the gauge /
string correspondence,” Nucl. Phys. B 636, 99 (2002) [hep-th/0204051].
[2] M. Kruczenski, “A Note on twist two operators in N=4 SYM and Wilson loops in
Minkowski signature,” JHEP 0212, 024 (2002) [hep-th/0210115].
33
[3] M. Kruczenski, R. Roiban, A. Tirziu and A. A. Tseytlin, “Strong-coupling expansion of
cusp anomaly and gluon amplitudes from quantum open strings in AdS(5) x S5,” Nucl.
Phys. B 791, 93 (2008) [arXiv:0707.4254 [hep-th]].
[4] L. F. Alday, D. Gaiotto, J. Maldacena, A. Sever and P. Vieira, “An Operator Product
Expansion for Polygonal null Wilson Loops,” JHEP 1104, 088 (2011) [arXiv:1006.2788
[hep-th]].
[5] L. F. Alday, B. Eden, G. P. Korchemsky, J. Maldacena and E. Sokatchev, “From correlation
functions to Wilson loops,” JHEP 1109, 123 (2011) [arXiv:1007.3243 [hep-th]].
[6] D. Correa, J. Henn, J. Maldacena and A. Sever, “An exact formula for the radiation of a
moving quark in N=4 super Yang Mills,” JHEP 1206, 048 (2012) [arXiv:1202.4455].
[7] J. K. Erickson, G. W. Semenoff and K. Zarembo, “Wilson loops in N=4 supersymmetric
Yang-Mills theory,” Nucl. Phys. B 582, 155 (2000) [hep-th/0003055].
[8] N. Gromov and A. Sever, “Analytic Solution of Bremsstrahlung TBA,” arXiv:1207.5489
[hep-th].
[9] B. Basso, “An exact slope for AdS/CFT,” arXiv:1109.3154 [hep-th].
[10] N. Gromov, “On the Derivation of the Exact Slope Function,” arXiv:1205.0018 [hep-th].
[11] B. Basso, “Scaling dimensions at small spin in N=4 SYM theory,” arXiv:1205.0054 [hep-
th].
[12] M. Beccaria and A. A. Tseytlin, “More about ’short’ spinning quantum strings,” JHEP
1207, 089 (2012) [arXiv:1205.3656 [hep-th]].
[13] B. Fiol, B. Garolera and A. Lewkowycz, “Exact results for static and radiative fields of a
quark in N=4 super Yang-Mills,” JHEP 1205, 093 (2012) [arXiv:1202.5292 [hep-th]].
[14] A. M. Polyakov and V. S. Rychkov, “Gauge field strings duality and the loop equation,”
Nucl. Phys. B 581, 116 (2000) [hep-th/0002106].
[15] G. W. Semenoff and D. Young, “Wavy Wilson line and AdS / CFT,” Int. J. Mod. Phys.
A 20, 2833 (2005) [hep-th/0405288].
[16] A. Mikhailov, “Nonlinear waves in AdS / CFT correspondence,” hep-th/0305196.
[17] R. Kallosh and A. A. Tseytlin, “Simplifying superstring action on AdS(5) x S5,” JHEP
9810, 016 (1998) [hep-th/9808088].
[18] L. F. Alday and J. M. Maldacena, “Gluon scattering amplitudes at strong coupling,” JHEP
0706, 064 (2007) [arXiv:0705.0303 [hep-th]].
[19] R. Ricci, A. A. Tseytlin and M. Wolf, “On T-Duality and Integrability for Strings on AdS
Backgrounds,” JHEP 0712, 082 (2007) [arXiv:0711.0707].
[20] N. Berkovits and J. Maldacena, “Fermionic T-Duality, Dual Superconformal Symmetry,
and the Amplitude/Wilson Loop Connection,” JHEP 0809, 062 (2008) [arXiv:0807.3196].
[21] N. Beisert, R. Ricci, A.A. Tseytlin and M. Wolf, “Dual Superconformal Symmetry from
AdS(5) x S5 Superstring Integrability,” Phys. Rev. D 78, 126004 (2008) [arXiv:0807.3228].
[22] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in AdS(5)
x S5,” JHEP 0206, 007 (2002) [hep-th/0204226].
[23] H. Hayashi, K. Okamura, R. Suzuki and B. Vicedo, “Large Winding Sector of AdS/CFT,”
JHEP 0711, 033 (2007) [arXiv:0709.4033 [hep-th]].
34
[24] D. Correa, J. Maldacena and A. Sever, “The quark anti-quark potential and the cusp
anomalous dimension from a TBA equation,” JHEP 1208, 134 (2012) [arXiv:1203.1913
[hep-th]].
[25] N. Drukker, “Integrable Wilson loops,” arXiv:1203.1617 [hep-th].
[26] M. Beccaria, G. V. Dunne, V. Forini, M. Pawellek and A. A. Tseytlin, “Exact computation
of one-loop correction to energy of spinning folded string in AdS5 x S5,” J. Phys. A 43,
165402 (2010) [arXiv:1001.4018 [hep-th]].
[27] I.S. Gradshteyn and I.M. Ryzhik, “Table of Integrals, Series and Products”. Academic
Press Inc. (2007).
[28] D. E. Berenstein, R. Corrado, W. Fischler and J. M. Maldacena, “The Operator product
expansion for Wilson loops and surfaces in the large N limit,” Phys. Rev. D 59 (1999)
105023 [hep-th/9809188].
[29] N. Drukker, D. J. Gross and H. Ooguri, “Wilson loops and minimal surfaces,” Phys. Rev.
D 60 (1999) 125006 [hep-th/9904191].
[30] J. K. Erickson, G. W. Semenoff and K. Zarembo, “Wilson loops in N=4 supersymmetric
Yang-Mills theory,” Nucl. Phys. B 582, 155 (2000) [hep-th/0003055]. N. Drukker and
D. J. Gross, “An Exact prediction of N=4 SUSYM theory for string theory,” J. Math.
Phys. 42, 2896 (2001) [hep-th/0010274]. V. Pestun, “Localization of gauge theory on a
four-sphere and supersymmetric Wilson loops,” Commun. Math. Phys. 313, 71 (2012)
[arXiv:0712.2824].
[31] N. Drukker and V. Forini, “Generalized quark-antiquark potential at weak and strong
coupling,” JHEP 1106, 131 (2011) [arXiv:1105.5144].
[32] M. Chernicoff and A. Guijosa, “Acceleration, Energy Loss and Screening in Strongly-
Coupled Gauge Theories,” JHEP 0806, 005 (2008) [arXiv:0803.3070 [hep-th]]. M. Cher-
nicoff, J. A. Garcia and A. Guijosa, “A Tail of a Quark in N=4 SYM,” JHEP 0909, 080
(2009) [arXiv:0906.1592 [hep-th]].
[33] M. Kruczenski, “Spiky strings and single trace operators in gauge theories,” JHEP 0508,
014 (2005) [hep-th/0410226].
[34] R. Roiban, A. Tirziu and A. A. Tseytlin, “Slow-string limit and ’antiferromagnetic’ state
in AdS/CFT,” Phys. Rev. D 73, 066003 (2006) [hep-th/0601074].
35
